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ON GIBBS MEASURES AND SPECTRA
OF RUELLE TRANSFER OPERATORS
LUCHEZAR STOYANOV
Abstract. We prove a comprehensive version of the Ruelle-Perron-Frobenius
Theorem with explicit estimates of the spectral radius of the Ruelle trans-
fer operator and various other quantities related to spectral properties of this
operator. The novelty here is that the Ho¨lder constant of the function gener-
ating the operator appears only polynomially, not exponentially as in previous
known estimates.
1. Introduction
We consider an one-sided shift space
Σ+A = {ξ = (ξ0, ξ1, . . . , ξm, . . .) : 1 ≤ ξi ≤ q, A(ξi, ξi+1) = 1 for all i ≥ 0 } ,
where A is a q × q matrix of 0’s and 1’s (q ≥ 2). We assume that A is aperiodic,
i.e. there exists an integer M > 0 such that AM (i, j) > 0 for all i, j (see e.g. Ch.
1 in [5]). The shift map σ : Σ+A −→ Σ+A is defined by σ(ξ) = ξ′, where ξ′i = ξi+1 for
all i ≥ 0.
In this paper we consider Ruelle transfer operators Lf : C(Σ
+
A) −→ C(Σ+A)
defined by real-valued functions f : Σ+A −→ R by
Lfg(x) =
∑
σ(y)=x
ef(y) g(y) .
Here C(Σ+A) denotes the space of all continuous functions g : Σ
+
A −→ R with
the product topology. Given θ ∈ (0, 1), consider the metric dθ on Σ+A defined by
dθ(ξ, η) = 0 if ξ = η and dθ(ξ, η) = θ
k if ξ 6= η and k ≥ 0 is the maximal integer
with ξi = ηi for 0 ≤ i ≤ k. For any function g : Σ+A −→ R set
varkg = sup{|g(ξ)− g(η)| : ξi = ηi, 0 ≤ i ≤ k} , |g|θ = sup
{varkg
θk
: k ≥ 0
}
,
|g|∞ = sup{|g(ξ)| : ξ ∈ Σ+A} , ‖g‖θ = |g|θ + |g|∞ .
Denote by Fθ(Σ+A) the space of all functions g on Σ+A with ‖g‖θ < ∞, and by
spec θ(Lg) the spectrum of Lg : Fθ(Σ+A) −→ Fθ(Σ+A).
The Ruelle-Perron-Frobenius Theorem concerns spectral properties of the trans-
fer operator Lf : Fθ(Σ+A) −→ Fθ(Σ+A). Assuming A is aperiodic and f ∈ Fθ(Σ+A)
is real-valued, it asserts that Lf has a simple maximal positive eigenvalue λ, a
corresponding strictly positive eigenfunction h and a probability measure ν on Σ+A
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such that spec θ(Lf ) \ {λ} is contained in a disk of radius ρ λ for some ρ ∈ (0, 1),
L∗fν = λν, and assuming h is normalized by
∫
h dν = 1, we also have
(1.1) lim
n→∞
1
λn
Lnfg = h
∫
g dν
for all g ∈ Fθ(Σ+A). This was proved by Ruelle [7] (see also [8]). In the case of a
complex-valued function f similar results were established by Pollicott [6].
In this paper a comprehensive version of the Ruelle-Perron-FrobeniusTheorem is
considered which provides explicit estimates for the various constants and functions
involved, e.g. the function h and the constant ρ mentioned above, as well as the
speed of convergence in (1.1). Estimates of this kind were derived in [9], however
the constants that appeared there, including the estimate ρ for the spectral radius
of the operator Lf , involved terms of the form e
C|f |θ for various constants C > 0.
The same applies to the estimates that appear in [2], [7], [8], [5] and also to the
estimate of the spectral radius of Lf obtained in [4].
From our personal experience, when estimates for families of Ruelle transfer
operators Lf are considered for a class of functions f , usually the norms |f |∞ are
uniformly bounded, however the Ho¨lder constants |f |θ can vary a lot and in some
cases can be arbitrarily large. That is why, estimates involving terms of the form
eC|f |θ are particularly unpleasant.
All estimates obtained in this paper involve only powers of |f |θ, and, in this
sense, they are significantly sharper than the existing ones.
The motivation for [9] came from investigations in scattering theory on distribu-
tion of scattering resonances, in particular in dealing with the so called Modified
Lax-Phillips Conjecture for obstacles K in Rn that are finite disjoint unions of
strictly convex bodies with smooth boundaries [10]. The present work stems from
studies on decay of correlations for Axiom A flows and spectra of Ruelle transfer
operators in the spirit of [3] and [11].
Sect. 2 below contains the statement of the Ruelle-Perron-Frobenius Theorem
with comprehensive estimates of the constants involved, while Sect. 3 is devoted
to a proof of the theorem. As in [9], we follow the main frame of the proof in [2]
with necessary modifications.
2. The Ruelle-Perron-Frobenius Theorem
In what follows A will be a q × q matrix (q ≥ 2) such that AM > 0 for some
integer M ≥ 1, θ ∈ (0, 1) will be a fixed number and f ∈ Fθ(Σ+A) will be a fixed
real-valued function. Set
(2.1) b = bf = max{1, |f |θ}.
Theorem 2.1. (Ruelle-Perron-Frobenius Theorem) (a) There exist a unique
λ = λf > 0, a probability measure ν = νf on Σ
+
A and a positive function h = hf ∈
Fθ(Σ+A) such that Lfh = λh and
∫
h dν = 1. The spectral radius of Lf as an
operator on Fθ(Σ+A) is λ, and its essential spectral radius is θ λ. The eigenfunction
h satisfies
(2.2)
1
K
≤ h ≤ K , |h|θ ≤ BbK,
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where
(2.3) K = Bbr0 ,
and the constants B and r0 can be chosen as
(2.4) B =
e
2θ
1−θ qM+1e2(M+1)|f |∞
1− θ , r0 =
log q + 2|f |∞
| log θ| .
(b) The probability measure νˆ = h ν (this is the so called Gibbs measure generated
by f) is σ-invariant.
(c) We have spec θ(Lf)
⋂{z ∈ C : |z| = λ} = {λ}. Moreover λ is a simple
eigenvalue for Lf and every z ∈ spec θ(Lf ) with |z| < λ satisfies |z| ≤ ρ λ, where
(2.5) ρ = 1− 1− θ
8K3
∈ (0, 1).
(d) For every g ∈ Fθ(Σ+A) and every integer n ≥ 0 we have
(2.6)
∥∥∥∥Lnf g − h
∫
g dν
∥∥∥∥
θ
≤ Df λn ρn ‖g‖θ,
where Df =
100K5 b3
1−θ .
The constants K, ρ, Df , etc. are not optimal, slightly better estimates are
possible as one can see from the proof in Sect 3.
3. Proof of Theorem 2.1
We will use the notation and assumptions from Sect. 2. Set L = Lf . Given
x = (x0, x1, . . .) ∈ Σ+A and m ≥ 0, consider the cylinder of length m
Cm[x] = {y = (y0, y1, . . .) ∈ Σ+A : yj = xj for all j = 0, 1, . . . ,m}
determined by x. Set gm(x) = g(x) + g(σx) + . . .+ g(σ
m−1x).
As in [2], it follows from the Schauder-Tychonoff Theorem that there exist a
Borel probability measure ν on Σ+A and a number λ > 0 such that L
∗
fν = λ ν, that
is λ
∫
g dν =
∫
Lfg dν for every g ∈ C(Σ+A). With g = 1 this gives λ =
∫
Lf1 dν.
Clearly, (Lf1)(x) =
∑
σξ=x e
f(ξ) ≤ qe|f |∞, and also (Lf1)(x) ≥ e−|f |∞ for all
x ∈ Σ+A. Thus,
(3.1) e−|f |∞ ≤ λ ≤ q e|f |∞ .
Let m0 = m0(f, θ) ≥ 1 be the integer such that
(3.2) θm0 <
1
b
≤ θm0−1.
Then m0 log θ < − log b ≤ (m0 − 1) log θ, so
m0 − 1 ≤ log b| log θ| < m0.
The first significant difference between our argument and the one in [2] is in
the definitions of the constants Bm and the space Λ below. In our argument they
depend on m0, i.e. on b.
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For m ≥ m0 set Bm = e2
∑∞
j=m−m0+1
θj and define
Λ =
{
g ∈ C(Σ+A) : g ≥ 0,
∫
g dν = 1, g(y) ≤ Bm g(x) whenever y ∈ Cm[x],m ≥ m0
}
.
Then Bm0 = e
2
∑∞
j=1 θ
j
= e
2θ
1−θ . Notice that in the above definitions we only
consider integers m with m ≥ m0. This will be significant later on.
Lemma 3.1. Λ is a non-empty, convex and closed in C(Σ+A) equicontinuous family
of functions and the operator T =
1
λ
L maps Λ into Λ.
Proof. We use a modification of the proof of Lemma 1.8 in [2].
It is clear that Λ is convex and closed in C(Σ+A), and also Λ 6= ∅ since 1 ∈ Λ.
Consider arbitrary x = (x0, x1, . . .), z = (z0, z1, . . .) ∈ Σ+A and g ∈ Λ. Since
AM > 0, there exists a sequence (z′m0+1, z
′
m0+2, . . . , z
′
m0+M−1
, z′m0+M = x0) such
that
y = (z0, z1, . . . , zm0 , z
′
m0+1, z
′
m0+2, . . . , z
′
m0+M−1, z
′
m0+M = x0, x1, x2, . . .) ∈ Σ+A.
Then dθ(y, z) ≤ θm0 , so g ∈ Λ implies g(z) ≤ Bm0g(y). Moreover, σm0+My = x, so
(Lm0+Mg)(x) =
∑
σm0+M (ξ)=x
efm0+M(ξ)g(ξ) ≥ efm0+M (y)g(y)(3.3)
≥ e
−(m0+M)|f |∞
Bm0
g(z).
Keeping z fixed and integrating (3.3) with respect to x gives
1 =
∫
g dν =
1
λm0+M
∫
Lm0+Mg dν ≥ e
−(m0+M)|f |∞
λm0+MBm0
g(z).
Setting K ′ = Bm0λ
m0+Me(m0+M)|f |∞ , the above implies g(z) ≤ K ′. This is true
for all z ∈ Σ+A, so |g|∞ ≤ K ′ for all g ∈ Λ. Using (3.1), (3.2) and the definition of
Bm0 we get
K ′ ≤ e 2θ1−θ (qe|f |∞)m0+Me(m0+M)|f |∞ ≤ Be log b| log θ| (log q+2|f |∞) < Bbr0 = K,
where K is as in (2.3), while B and r0 are defined by (2.4). (For later convenience
we take slightly larger B and r0 than necessary here.) Thus,
(3.4) |g|∞ ≤ K , g ∈ Λ.
Next, integrating (3.3) with respect to z yields
(Tm0+Mg)(x) =
1
λm0+M
(Lm0+Mg)(x) ≥ e
−(m0+M)|f |∞
λm0+MBm0
=
1
K ′
≥ 1
K
.
Thus,
(3.5)
1
K
≤ min(Tm0+Mg) , g ∈ Λ.
Let is prove now that Λ is an equicontinuous family of functions. Given ǫ > 0,
take m ≥ m0 so that e2θm−m0+1/(1−θ) − 1 < ǫ/K. Let x, y ∈ Σ+A be such that
dθ(x, y) ≤ θm. Then for any g ∈ Λ we have g(x) ≤ Bmg(y), so g(x) − g(y) ≤
(Bm − 1)g(y) ≤ (Bm − 1)K. Similarly, g(y)− g(x) ≤ (Bm − 1)K, so
|g(x)− g(y)| ≤ (Bm − 1)K =
(
e2θ
m−m0+1/(1−θ) − 1
)
K < ǫ.
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Hence Λ is equicontinuous.
It remains to show that T (Λ) ⊂ Λ. Let g ∈ Λ. Then Tg ≥ 0 and ∫ Tg dν = 1.
Let m ≥ m0 and let y ∈ Cm[x]. Given ξ = (ξ0, ξ1, . . . , ) ∈ Σ+A with σξ = x, we have
ξ1 = x0 = y0, ξ2 = x1 = y1 , . . . , ξm+1 = xm = ym. Set
(3.6) η = η(ξ) = (ξ0, ξ1, . . . , ξm, ξm+1 = ym, ym+1, ym+2, . . .) ∈ Σ+A.
Then ση = y and d(ξ, η(ξ)) ≤ θm+1, so by (3.2),
|f(ξ)− f(η(ξ))| ≤ |f |θdθ(ξ, η(ξ)) ≤ b θm+1 ≤ θm−m0+1.
This and g ∈ Λ imply g(ξ) ≤ Bm+1g(η(ξ)) and
(Tg)(x) =
1
λ
∑
σξ=x
ef(ξ)g(ξ) ≤ 1
λ
∑
σξ=x
ef(η(ξ))+θ
m−m0+1
Bm+1g(η(ξ))
=
eθ
m−m0+1
Bm+1
λ
∑
ση=y
ef(η)g(η) = eθ
m−m0+1
e2
∑∞
j=m−m0+2
θj (Tg)(y)
≤ Bm(Tg)(y).
Thus, Tg ∈ Λ. 
Using the above Lemma and the Schauder-Tychonoff Theorem we derive
Corollary 3.2. There exists h ∈ Λ with Th = h, i.e. with Lh = λh. Moreover we
have 1K ≤ h ≤ K, where K is given by (2.3).
The latter follows from (3.4) and (3.5), since Tm0+Mh = h.
Lemma 3.3. There exists a constant µ ∈ (0, 1) such that for every g ∈ Λ there
exists g˜ ∈ Λ with
(3.7) Tm0+Mg = µh+ (1− µ)g˜.
More precisely we can take
(3.8) µ =
1− θ
4K2e2θ/(1−θ)
<
1
4K2
.
Proof. We use a modification of the proof of Lemma 1.9 in [2].
Define µ by (3.8). Given g ∈ Λ, set g1 = Tm0+Mg−µh and g˜ = g11−µ . Then (3.8)
and Tm0+Mg ∈ Λ imply µh ≤ µK < 1K ≤ min(Tm0+Mg), so g1 > 0. Moreover∫
g1 dν = 1− µ, so
∫
g˜ dν = 1.
Next, let m ≥ m0 and let x ∈ Σ+A, y ∈ Cm[x]. We will show that g˜(x) ≤ Bmg˜(y),
which is equivalent to g1(x) ≤ Bmg1(y), i.e. to
(Tm0+Mg)(x)− µh(x) ≤ Bm
(
(Tm0+Mg)(y)− µh(y)) ,
that is, to
(3.9) µ(Bmh(y)− h(x)) ≤ Bm(Tm0+Mg)(y)− (Tm0+Mg)(x).
Given ξ ∈ Σ+A with σξ = x define η = η(ξ) by (3.6); then ση = y and η ∈ Cm+1[ξ].
For any G ∈ Λ, as in the proof of Lemma 3.1, we have
(LG)(x) =
∑
σξ=x
ef(ξ)G(ξ) ≤
∑
σξ=x
ef(η)+θ
m−m0+1
Bm+1G(η) ≤ eθm−m0+1Bm+1(LG)(y).
Using this with G = Tm0+M−1g = 1
λm0+M−1
Lm0+M−1g ∈ Λ gives
(3.10) (Tm0+Mg)(x) ≤ eθm−m0+1Bm+1(Tm0+Mg)(y).
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This and h(x) ≥ h(y)Bm show that to prove (3.9) it is enough to establish
µ
(
Bm − 1
Bm
)
h(y) ≤
(
Bm − eθ
m−m0+1
Bm+1
)
(Tm0+Mg)(y).
Next, the definition of Bm, h(y) ≤ K and (Tm0+Mg)(y) ≥ 1/K show that the
latter will be true if we prove
µ
(
e
2θm−m0+1
1−θ − e− 2θ
m−m0+1
1−θ
)
≤
(
e2θ
m−m0+1
Bm+1 − eθm−m0+1Bm+1
) 1
K2
,
which is equivalent to
(3.11) µ
(
e
2θm−m0+1
1−θ − e− 2θ
m−m0+1
1−θ
)
≤ eθm−m0+1+ 2θ
m−m0+2
1−θ · e
θm−m0+1 − 1
K2
.
For the left-hand-side of (3.11) there exists some z with |z| < 2θm−m0+1/(1 − θ)
such that
µ
(
e
2θm−m0+1
1−θ − e− 2θ
m−m0+1
1−θ
)
= µez
4eθ
m−m0+1
1− θ ≤ µ
4e
2θ
1−θ
1− θ θ
m−m0+1.
For the right-hand-side of (3.11) we have
eθ
m−m0+1+ 2θ
m−m0+2
1−θ · e
θm−m0+1 − 1
K2
>
eθ
m−m0+1 − 1
K2
≥ θ
m−m0+1
K2
.
Thus, (3.11) would follow from µ 4e
2θ
1−θ
1−θ θ
m−m0+1 ≤ θm−m0+1K2 . The latter is clearly
true by (3.8). This proves (3.11) which, as we observed, implies (3.9). Hence
g˜(x) ≤ Bmg˜(y) which shows that g˜ ∈ Λ. 
Lemma 3.4. There exist constants A > 0 and β ∈ (0, 1) such that
(3.12) |T ng − h|∞ ≤ Aβn
for every g ∈ Λ and every integer n ≥ 0. More precisely we can take
(3.13) A = 4K2 , β = 1− 1− θ
4K3
∈ (θ, 1).
Proof. We use a modification of the proof of Lemma 1.10 in [2].
Let g ∈ Λ. Given an integer n ≥ 0 write n = p(m0 +M) + r for some integers
p ≥ 0 and r = 0, 1, . . . ,m0 +M − 1. By Lemma 3.3, Tm0+Mg = µh+ (1− µ)g1 for
some g1 ∈ Λ. Similarly, Tm0+Mg1 = µh+ (1− µ)g2 for some g2 ∈ Λ, so
T 2(m0+M)g = µh+ (1− µ)(µh+ (1− µ)g2) = µh(1 + (1− µ)) + (1− µ)2g2.
Continuing in this way we prove by induction
T p(m0+M)g = µh(1 + (1 − µ) + . . .+ (1− µ)p−1) + (1 − µ)pgp
for some gp ∈ Λ. Thus,
T p(m0+M)g = µh
1− (1− µ)p
1− (1 − µ) + (1− µ)
pgp = h(1− (1 − µ)p) + (1− µ)pgp,
and therefore, using (3.4),
(3.14) |T p(m0+M)g − h|∞ ≤ (1− µ)p|h− gp|∞ ≤ 2K(1− µ)p.
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Next, notice that by (3.1) for every bounded function G on Σ+A we have
|(TG)(x)| = 1
λ
∣∣∣∣∣∣
∑
σξ=x
ef(ξ)G(ξ)
∣∣∣∣∣∣ ≤
qe|f |∞
λ
|G|∞ ≤ qe2|f |∞ |G|∞,
so |TG|∞ ≤ qe2|f |∞ |G|∞. Using this r times and setting β′ = (1− µ)
1
m0+M , yields
|T ng − h|∞ = |T r(T p(m0+M)g − h)|∞ ≤ (qe2|f |∞)r|T p(m0+M)g − h|∞
≤ 2K(qe2|f |∞)m0+M (β
′)n
(β′)r
≤ 2K
1− µ (qe
2|f |∞)m0+M (β′)n.
As in previous estimates, using (3.2) and (3.4) we get
(qe2|f |∞)m0+M = qMe2M|f |∞em0(log q+2|f |∞) ≤ qMe2M|f |∞e( log b| log θ|+1)(log q+2|f |∞)
≤ qM+1e(2M+1)|f |∞br0 < K.
We have 1−µ ≥ 1/2 by (3.8), so the above and (3.13) imply |T ng−h|∞ ≤ A(β′)n.
It remains to show that β′ ≤ β. We will use the elementary inequality (1−x)a ≤
1 − ax for 0 ≤ x < 1 and 0 < a < 1. It implies β′ = (1 − µ) 1m0+M ≤ 1 − µm0+M <
1− µ
em0+M
= 1− 1−θ
4K2em0+Me2θ/(1−θ)
< 1− 1−θ4K3 = β. This proves the lemma. 
Lemma 3.5. For every g ∈ Λ we have |g|θ < BbK, and so ‖g‖θ < 2BbK.
Proof. Let g ∈ Λ and let x, y ∈ Σ+A be such that dθ(x, y) = θm. If m ≤ m0 − 1,
then by (3.4),
|g(x)− g(y)| ≤ 2K = 2Kdθ(x, y)
θm
≤ 2K
θm0−1
dθ(x, y) ≤ 2bKdθ(x, y) ≤ BbKdθ(x, y).
Next, assume that m ≥ m0. Then using again (3.2) and (3.4) we get
Bm − 1 = e 2θ
m−m0+1
1−θ − 1 ≤ e2θ/(1−θ)2θ
m−m0+1
1− θ =
2e2θ/(1−θ)
(1− θ)θm0−1 θ
m < B b θm.
Since, g(x) ≤ Bmg(y) we have g(x) − g(y) ≤ (Bm − 1)g(y) ≤ (Bbθm)K =
BbKdθ(x, y). Similarly, g(y)−g(x) < BbKdθ(x, y), so |g(x)−g(y)| < BbKdθ(x, y).

In particular, Λ ⊂ Fθ(Σ+A), so λ is an eigenvalue of the transfer operator
Lf : Fθ(Σ+A) −→ Fθ(Σ+A) and h > 0 is a corresponding eigenfunction. More-
over, following arguments from the proof of Theorem 2.2 in [5], one proves that λ
is a simple eigenvalue and spec θ(Lf ) ⊂ {z : |z| ≤ λ}. Also, following the argument
from the proof of Theorem 1.5 in [1], one shows that the essential spectral radius
of Lf as an operator on Fθ(Σ+A) is θ λ.
Lemma 3.6. For every g ∈ Fθ(Σ+A) we have
(3.15)
∣∣∣∣ 1λn Lng − h
∫
g dν
∣∣∣∣
∞
≤ A1 βn ‖g‖θ , n ≥ 0,
where A1 = 2Ab = 8K
2b.
Proof. We will proceed as in [9] with some modifications.
Let g ∈ Fθ(Σ+A). First, assume that g ≥ 0. The case |g|θ = 0 follows trivially
from Lemma 3.4, so assume |g|θ > 0 and set g˜ = C g + 1, where C = 2(1−θ)b|g|θ .
Then ω =
∫
g˜ dν ≥ 1.
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We will check that g˜/ω ∈ Λ. Let m ≥ m0, and let x, y ∈ Σ+A be such that
y ∈ Cm[x]. Assume e.g. g˜(x) ≥ g˜(y). We have
g˜(x)− g˜(y) = C(g(x)− g(y)) ≤ C|g|θdθ(x, y) = C|g|θθm.
Hence, using g˜(y) ≥ 1 and (3.2) it follows that
g˜(x) ≤ g˜(y) + C|g|θθ
m−m0+1
θm0−1
≤ g˜(y)
(
1 +
2θm−m0+1
(1− θ)b θm0−1
)
≤ g˜(y)
(
1 +
2θm−m0+1
(1− θ)
)
≤ g˜(y)e 2θ
m−m0+1
(1−θ) = g˜(y)Bm.
This shows that g˜/ω ∈ Λ, and by (3.12), |T ng˜ − ωh|∞ ≤ Aωβn. Thus,∣∣∣∣T n(Cg + 1)− h
(
C
∫
g dν + 1
)∣∣∣∣
∞
≤ Aωβn.
Using this and (3.12) with g = 1 yields
C
∣∣∣∣T ng − h
∫
g dν
∣∣∣∣
∞
≤
∣∣∣∣T n1− h
∫
1 dν
∣∣∣∣
∞
+Aωβn ≤ A(ω + 1)βn,
so
∣∣T ng − h ∫ g dν∣∣
∞
≤ Aω+1C βn. Finally,
1
C
(ω + 1) =
∫
g dν +
2
C
≤ |g|∞ + (1− θ)b|g|θ ≤ b‖g‖θ.
Hence
(3.16)
∣∣∣∣T ng − h
∫
g dν
∣∣∣∣
∞
≤ Ab‖g‖θβn.
For general g ∈ Fθ(Σ+A), write g = g+ − g−, where g+ = max{g, 0} ≥ 0 and
g− = g+ − g ≥ 0. Then g+, g− ∈ Fθ(Σ+A), ‖g+‖θ ≤ ‖g‖θ ‖g−‖θ ≤ ‖g‖θ, and
g+ ≤ |g|∞, g− ≤ |g|∞, so ‖g+‖θ ≤ ‖g‖θ and ‖g−‖θ ≤ ‖g‖θ. Using (3.16) for g+ and
g− implies
∣∣T ng − h ∫ g dν∣∣
∞
≤ 2Ab‖g‖θβn. 
We will now sketch the proofs of the Basic Inequalities (see Proposition 2.1 in
[5] or Lemma 1.2 in [2]) keeping track on the constants involved. We continue to
use the notation from Sect. 2 and also the one introduced above for the function f
and the operator L = Lf .
Lemma 3.7. (Basic Inequalities) We have
(3.17) |Lng|∞ ≤ K2λn|g|∞ , g ∈ C(Σ+A) , n ≥ 0,
and
(3.18) |Lng|θ ≤ K2λn
[
2|f |θ
1− θ |g|∞ + θ
n|g|θ
]
, g ∈ Fθ(Σ+A) , n ≥ 0.
Consequently,
(3.19) ‖Lng‖θ ≤ 4bK
2
1− θ λ
n‖g‖θ , g ∈ Fθ(Σ+A) , n ≥ 0.
Proof. We will just follow the standard arguments to derive the above estimates.
It follows from Corollary 3.2 that
Ln1 = K (Ln1/K) ≤ K Lnh = Kλnh ≤ K2λn,
so Ln1 ≤ K2λn for all n ≥ 0.
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Given g ∈ C(Σ+A), for any x ∈ Σ+A and any n ≥ 1 we have
|(Lng)(x)| ≤
∑
σnξ=x
efn(ξ)|g(ξ)| ≤ |g|∞ (Ln1)(x) ≤ K2λn|g|∞.
This proves (3.17).
Next, let g ∈ Fθ(Σ+A), and let n ≥ 1. Given x ∈ Σ+A and y ∈ Cn[x], for any
ξ ∈ Σ+A with σnξ = x, denote by η = η(ξ) the unique element of Σ+A such that
σnη = y and dθ(ξ, η) = θ
n dθ(x, y). Then
|fn(ξ)− fn(η(ξ))| ≤
n−1∑
j=0
|f(σjξ)− f(σjη)| ≤
n−1∑
j=0
|f |θθn−jdθ(x, y) ≤ |f |θ
1− θ dθ(x, y),
and therefore∣∣∣efn(ξ) − efn(η)∣∣∣ ≤ |fn(ξ)−fn(η)| emax{fn(ξ),fn(η)} ≤ |f |θ
1− θ dθ(x, y)
[
efn(ξ) + efn(η)
]
.
The above yields
|(Lng)(x)− (Lng)(y)| ≤
∑
σnξ=x
∣∣∣efn(ξ)g(ξ)− efn(η(ξ))g(η(ξ))∣∣∣
≤
∑
σnξ=x
[∣∣∣efn(ξ) − efn(η)∣∣∣ |g(ξ)|+ efn(η)|g(ξ)− g(η)|]
≤ |g|∞|f |θ
1− θ dθ(x, y)
∑
σnξ=x
[
efn(ξ) + efn(η)
]
+ |g|θθndθ(x, y)
∑
σnξ=x
efn(η)
≤ |g|∞|f |θ
1− θ dθ(x, y)[(L
n1)(x) + (Ln1)(y)] + |g|θθndθ(x, y) (Ln1)(y)
≤ K2λn
[
2|f |θ
1− θ |g|∞ + θ
n|g|θ
]
dθ(x, y),
which proves (3.18). The latter obviously implies (3.19). 
To derive part (c) in Theorem 2.1, just notice that (2.5) implies ρ > β, where
β is given by (3.13). If z ∈ spec θ(Lf ) with ρ λ < |z| and z 6= λ, then z is an
eigenvalue of L. If g is a corresponding eigenfunction, then
∫
g dν = 0 by (3.15),
and using (3.15) again gives |z| ≤ β λ < ρλ, a contradiction. This shows that
spec θ(Lf ) ∩ {z : |z| > ρλ} = {λ}.
We will now use (3.15) to prove
Lemma 3.8. For every g ∈ Fθ(Σ+A) we have
(3.20)
∥∥∥∥ 1λn Lnf g − h
∫
g dν
∥∥∥∥
θ
≤ A2 ρn ‖g‖θ , n ≥ 0,
where ρ is given by (2.5) and A2 =
100K5b3
(1−θ) .
Proof. We will again use a corresponding argument in [9] with some modifications.
Let g ∈ Fθ(Σ+A) and let n ≥ 1.
Case 1.
∫
g dν = 0. Set C = 2|f |θ1−θ , ℓ = [n/2] and k = n− ℓ. First notice that in
the present case (3.15) gives |Lℓg|∞ ≤ A1λℓβℓ‖g‖θ. Using this, (3.18), (3.15) and
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θ ≤ β yields
|Lng|θ = |Lk(Lℓg)|θ ≤ K2λk(C|Lℓg|∞ + θk |Lℓg|θ)
≤ K2λk [CA1 λℓ βℓ‖g‖θ + θkK2λℓ(C|g|∞ + θℓ |g|θ)] ≤ A′ λnβn/2 ‖g‖θ,
where A′ = 40K
4b2
1−θ . This proves (3.20) in the case considered.
Case 2. General case. Let g ∈ Fθ(Σ+A) and let n ≥ 1. Set g˜ = g − αh, where
α =
∫
g dν. Then
∫
g˜ dν = 0, so by Case 1, we have |Lng˜|θ ≤ A′ λnβn/2 ‖g˜‖θ.
By Corollary 3.2 we have |g˜|∞ ≤ |g|∞ +K|g|∞ ≤ (1 +K)‖g‖θ, while Lemma 3.5
implies |g˜|θ ≤ |g|θ + |g|∞|h|θ ≤ BbK‖g‖θ. Thus, ‖g˜‖θ ≤ 2BbK‖g‖θ. This and the
above estimate imply∣∣∣∣ 1λn Lng − h
∫
g dν
∣∣∣∣
θ
=
1
λn
|Ln(g − αh)|θ = 1
λn
|Lng˜|θ
≤ A′ βn/2 ‖g˜‖θ ≤ A′ 2BbKβn/2 ‖g‖θ.
Combining with (3.15) gives∥∥∥∥ 1λn Lng − h
∫
g dν
∥∥∥∥
θ
≤ 100BK
5b3
1− θ β
n/2 ‖g‖θ.
Finally it follows from
√
1− x < 1 − x/2 for 0 < x < 1 and (2.5) that √β =√
1− 1−θ4K3 ≤ 1− 1−θ8K3 = ρ. This proves (2.6). 
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